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Abstract—When examining a new cache structure or replacement policy, the

optimal policy is a useful baseline. In this paper, we prove that finding the optimal

schedule is NP-hard for any but the simplest of caches, and that no polynomial-

time approximation scheme exists for this problem unless P ¼ NP .

Index Terms—Cache, optimal cache replacement policy, interval scheduling,

approximation algorithm, victim cache, skew cache, multilateral cache.
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1 INTRODUCTION

ONE of the greatest challenges of modern computer architecture is
coping with the disparity between processor and memory speeds.
Standard caches (direct-mapped, set-associative, and fully-asso-
ciative caches) have improved memory hierarchy performance to
partially compensate for this disparity, but, as this disparity grows,
new ideas are needed. Many newer caches, including victim caches
[9], assist caches [5], skew caches [13], and “smart” caches [7], [8],
[16], [18], [19], have been proposed as possible improvements to
standard caches and some have been implemented.

Unfortunately, we do not fully understand the behavior of these
new caches because many tools that have been used to analyze
standard caches have not been adapted to these new caches. This
complicates the evaluation and comparison of these caches, as well
as any efforts to improve their performance. In this paper, we focus
on one specific tool, a polynomial-time optimal replacement
strategy.

In 1966, Belady published his seminal paper describing an
optimal replacement policy for standard caches [2]. When faced
with a replacement decision, Belady’s algorithm evicts the block
which will be referenced the furthest in the future. Belady’s
algorithm achieves the lowest possible miss rate. Other, faster,
algorithms have been developed which also achieve the optimal hit
rate [11], [14]. As these algorithms perform the same task and
generate equivalent results, we refer to this class of optimal
replacement algorithms as OPT.

OPT is an offline algorithm (that is, it requires future knowl-
edge), so OPT cannot be implemented in an actual cache.
However, it is an important analytic tool for use in comparative
architectural studies. For example, it has been used as a benchmark
to judge replacement algorithms [15], [17], [18], [19], to show how
much performance headroom might exist for a new replacement
algorithm [15], to compare caching schemes independent of
replacement algorithms [16], and to judge minimum bandwidth
requirements [4]. It has also been used as part of a scheme for
identifying memory references with significant locality [19].

Because none of the existing OPT algorithms extend to new
caches such as victim caches and skew caches, cache architecture

researchers have been searching for new polynomial-time optimal
replacement strategies for these new caches. Until now, they have
been stymied in their efforts and have settled for using tractable
but suboptimal replacement strategies instead of an optimal
strategy, e.g., [16]. We now show that all computer architecture
researchers may be forced to make this compromise because no
polynomial-time optimal replacement strategy exists for most
nonstandard caches unless P ¼ NP .

1.1 Companion Caches

Every cache we are aware of has two major components: its
structure and its replacement policy. The structure of a cache
describes the physical properties of the cache (such as cache line
size, number of cache lines, etc.) and the legal locations within the
cache for any block. The replacement policy describes under what
circumstances a block is placed into the cache, which block or
blocks are removed, and into which legal location the block is
placed. For example, the set-associative cache is a cache structure
and LRU is a replacement policy.

We now introduce the term Companion Cache Structure (CCS). A
CCS consists of two components: a set-associative or direct-
mapped cache and a fully-associative cache. We refer to the direct-
mapped/set-associative component as the “main cache” and the
fully-associative component as the “companion buffer.” Both
components must be able to store any arbitrary cache block. A
degenerate CCS is one in which the main cache is fully-associative
or the companion buffer has size zero. In the first case, the CCS

reduces to a single fully associative cache. In the second case, the
CCS reduces to just the main cache, which is set-associative or
direct-mapped.

Many common caching schemes have a CCS underlying them.
Cache structures such as a victim cache or an assist cache, together
with its associated main cache, are exactly CCSs. Most of the
“smart” caches are also CCSs. In addition, we demonstrate that
skew caches and certain multilevel caches contain CCSs.

In this paper, we show that the problem of optimally managing
a nondegenerate CCS is NP-hard. We assume that there are no
placement restrictions other than those that are part of the CCS.
For example, the victim caching scheme, as originally defined by
Jouppi [9], consisted of both a structure (a direct-mapped cache
and the victim cache itself) as well as a replacement policy. In this
case, our results apply to the structure of a direct-mapped cache
and the victim cache, ignoring any limitations imposed by Jouppi’s
replacement policy.

1.2 Related Terms

While CCSs encompass a large number of useful cache organiza-
tions, it is important to put CCSs in the context of other terms and
concepts. The multilateral cache [16] is perhaps most closely related
to the CCS. A multilateral cache consists of multiple cache
structures which are conceptually on the same level of the memory
hierarchy and which can store the same data. In general, multi-
lateral caches contain an underlying CCS, although it is not always
obvious.

A multilevel cache can also contain an underlying CCS. Say the
L1 cache is fully-associative and the L2 cache is direct-mapped,
and the L2 cache is not required to contain a superset of the items of
the L1 cache. While these two caches may have very different
access times, they can be modeled as a single CCS. Thus, our
results apply to multilevel caches.

1.3 Problem Definition

To facilitate our formal definition of the cache management
problem, we define the following two terms: bypassing and internal
reorganization. Standard caching schemes require that each block be
placed in the cache when it is referenced. If this requirement is not
in force, the cache is said to allow bypassing. Another variation is to
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allow a block to move from one legal location to another without
evicting it. We call this reorganization. Many modern caching

schemes allow for reorganization to some extent; in fact, it is at the
heart of the replacement schemes for both victim and assist caches.
Notice that allowing bypassing or reorganization cannot increase
the miss rate of an optimal algorithm. Further note that
reorganization does not affect the miss rate in a standard cache
as all legal locations are equivalent.

We now formally define the offline cache management decision
problem. An input instance consists of a cache structure, an ordered
list of memory references s, a mapping g describing where each
reference can be placed in the cache, and an integer boundK on the
number of desired hits. Other details such as whether or not

reorganization or bypassing is allowed are defined independent of
any specific instance. The question to be answered is whether or not
the sequence of requests can be legally serviced with at leastK hits.

Legal processing is defined as follows: The cache is initially

empty. The memory references in s are then processed in order. If
the current memory reference is in the cache, this is referred to as a
hit. If reorganization is allowed, the system may reorganize items
within the cache subject to the limitations of the mapping g, but
may not place any new items in the cache. If the current memory
reference is not in the cache, this is referred to as a miss. If
reorganization is allowed, the system may reorganize items within

the cache subject to g. If bypassing is allowed, the system may
choose to not place the current memory reference into the cache. If
bypassing is not allowed, the current reference must be placed in
the cache, resulting in the eviction of the item it dislodges.

1.4 Paper Outline

The bulk of this paper is a formal proof that the offline cache
management decision problem is NP-hard when the cache is a
CCS where the companion buffer has one location, the main cache
is direct-mapped, bypassing is allowed, and reorganization is not.

We then describe several generalizations of this result (proofs are
omitted due to space limitations).

. The problem is still NP-hard if the companion buffer is of a
size greater than one and/or the main cache is set-
associative.

. No polynomial-time approximation scheme exists for a
CCS cache unless P = NP.

. The problem is NP-hard whether or not bypassing is
allowed.

. The problem is NP-hard whether or not reorganization is
allowed.

. Skew and certain multilevel caches are NP-hard to
schedule optimally.

The net result of all of these proofs is that using optimal scheduling to

evaluate replacement algorithms or cache structural changes is not viable

for any but the simplest cache structures. This result is important so
that cache researchers and designers do not look fruitlessly for a
polynomial-time optimal replacement algorithm. If their cache
structure has an underlying CCS, they will have to live without

that analytic tool.

2 PROOFS

This section is divided into three parts. In Section 2.1, we describe
an interval scheduling problem that we will use in our proof. In
Section 2.2, we provide a formal proof of NP-hardness for a very
restricted problem—when the main cache is direct-mapped, the
companion buffer is of size one, no internal reordering is allowed,

and bypassing is allowed. We call this restricted case the
Fundamental Companion Cache Scheduling (FCCS) problem. In
Section 2.3, we describe several generalizations of the FCCS result.

We formally define the FCCS problem as follows:

Definition 2.1 Fundamental Companion Cache Scheduling

(FCCS). NSTANCE: A direct-mapped cache D, a companion buffer
consisting of a single location C1, a set of memory items (cache blocks)
M , a mapping g : M ! D indicating in which location in the direct-
mapped cache each memory item can be stored, a sequence s of requests
for memory items from M , and a positive integer K � jsj.

QUESTION: Can the sequence s of memory items be legally
serviced with at least K hits where no reorganization is allowed, but
bypassing is allowed?

To prove that FCCS is NP-hard, we will be working with the
known NP-complete problem 3-Occ-Max-2SAT [3]. 3-Occ-Max-
2SAT is a restricted form of Max-2SAT where each variable occurs
at most three times. More formally, we define the problem as
follows:

Definition 2.2 3-Occ-Max-2SAT. INSTANCE: A set of variables U , a
collection C of clauses over U such that each clause c 2 C has jcj ¼ 2,
and a positive integer K � jCj. Furthermore, the total number of
occurrences of any variable u 2 U in C is at most three.

QUESTION: Is there a truth assignment for U that simulta-
neously satisfies at least K of the clauses in C?

2.1 Interval Scheduling and Caching

We initially assume that the cache allows bypassing; thus, an item
is put in the cache only if it will remain in the cache until its next
access. With bypassing, there is a strong correlation between cache
management problems and interval scheduling problems.

In interval scheduling, there is a set of machines and a set of
intervals (jobs), each of which has a fixed start time and a fixed end
time. A machine can work on only one interval at a time. An
interval must be processed continuously from its start time to its
end time on a single machine to be completed. Each interval can be
processed only by a given subset of the machines. The goal is to
maximize the number of intervals completed.

If every interval can be placed on any machine, interval
scheduling is solvable in polynomial time [6]. We focus on
restricted interval scheduling problems where each interval can be
placed only on a subset of machines. While versions of restricted
interval scheduling can be solved in polynomial time, including
those that correspond to set-associative cache management
problems, the general case of restricted interval scheduling is
NP-complete [1], [10].

To show that the FCCS problem is NP-complete, we first show
that the Fundamental Companion Interval Scheduling problem
(FCIS), a special case of restricted interval scheduling, is NP-
complete. We then reduce FCIS to FCCS. FCIS is formally defined
as follows:

Definition 2.3 Fundamental Companion Interval Scheduling

(FCIS). INSTANCE: A set G of m machines G1; . . .Gm, a
“companion” machine C1, an integer Q, and a set I of n intervals
ðsi; fi; �iÞ, where si 2 Zþ is the start time of interval i, fi 2 Zþ is the
end time of interval i and �i 2 G is the machine on which interval i
can be scheduled. Any interval can be scheduled on the companion
machine.

QUESTION: Can at least Q of the intervals be legally scheduled?

2.2 Formal NP-Hard Proof for FCCS

Theorem 2.1. FCIS is NP-complete.

Proof.We reduce 3-Occ-Max-2SAT to FCIS. LetU ¼ fu1; u2; . . . ; uag,
C ¼ fc1; c2; . . . ; cbg, and K be an instance of 3-Occ-Max-2SAT.
The value of Q for FCIS is 3aþ bþK. For each variable ui 2 U ,
create two machines, Mui and Mui , both in G, and create four
intervals ði� 1; i;Mui Þ, ði� 1; i;Mui Þ, ð0; aþ b;Mui Þ, and
ð0; aþ b;Mui Þ. We call the first two intervals “short intervals”
and the second two intervals “long intervals.”The a variables
generate a total of 4a intervals. For each clause cj 2 C, create the
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following two intervals: If variable ui appears in clause cj in its

positive form, we create the interval ðaþ j� 1; aþ j;Mui Þ. If ui
appears in the negative form, we create the interval

ðaþ j� 1; aþ j;Mui Þ. The b clauses generate a total of 2b

“clause” intervals. Altogether, a total of 4aþ 2b intervals and

2a machines are created and both sets can clearly be computed

in time polynomial in the original input size.
An example transformation is shown in Fig. 1. The intervals

form an instance of FCIS. The intervals can be partitioned into
three groups: the long intervals, the short intervals, and the
clause intervals. The key observations about this reduction are
that the long and short intervals are used to enforce a truth
assignment to the variables and pairs of schedulable clause
intervals correspond to the satisfiable clauses.

Suppose we can satisfy K of the clauses in the 3-Occ-Max-
2SAT instance. We now show that we can schedule 3aþ bþK
of the intervals. Consider each variable u 2 U . If u is true, we
use machine Mu to schedule a long interval corresponding to u
and use machinesMu and C1 to schedule the two short intervals
corresponding to u. If u is false, the roles of machines Mu and
Mu are reversed. Exactly 3a of the long and short intervals will
be scheduled.

Now, consider each pair of clause intervals. If the corre-
sponding clause c is satisfied in the 3-Occ-Max-2SAT problem,
one of the literals in c must be true. Without loss of generality,
we can assume that this literal is l. Because l is true, the long
interval that could be placed on Ml was not scheduled and
machine Ml is free. Therefore, we can schedule the pair of
intervals that correspond to clause c using machines Ml and C1.
If the clause is not satisfied, only one interval can be scheduled
(on C1). It is important to note that, for each variable u, the
clause intervals either use machine Mu or machine Mu, but not
both. A total of bþK of the clause intervals will be scheduled.
Thus, we have scheduled exactly 3aþ bþK intervals.

We now need to show that if we can schedule 3aþ bþK

intervals, we can find a solution to the corresponding 3-Occ-
Max-2SAT problem that satisfies K of the clauses. Note it is not
possible to schedule more than 3a of the long and short
intervals because for each variable, there are four overlapping
intervals, and only three available machines. Suppose there
exists a schedule S that schedules 3aþ bþK intervals. We will
create a modified schedule S0 that schedules at least 3aþ bþK
intervals with the two following additional constraints: No long
interval will be scheduled on the companion machine and, for
each variable u, exactly one of its long intervals will be
scheduled.

To construct S0, we first modify S so that C1 is not used to
schedule any long intervals. Suppose, in schedule S, that

machine C1 is used to schedule one of the long intervals for
some variable u. In this case, we simply take all intervals
currently scheduled on the corresponding machine Mu or Mu,
schedule them on C1, and then schedule the long interval for u
on the corresponding machine. The modified schedule com-
pletes the same number of intervals as S does.

Now, suppose, for a variable u, we use both Mu and Mu to
schedule the corresponding long intervals. Then, at least one of
the short intervals corresponding to u is not scheduled. We
modify the schedule by scheduling one of the unscheduled
short intervals on its corresponding machine, Mu or Mu, and
dropping the corresponding long interval. Thus, each variable u
has at most one of its two long intervals scheduled on its
corresponding machine, Mu or Mu.

We now modify the schedule so that, for each variable u,
exactly one of the two long intervals for u is scheduled on its
corresponding machine. Let u be a variable where we do not
schedule either of its corresponding long intervals. Consider the
clause intervals that correspond to variable u. Because the
variable u appears at most three times, either it appears in its
positive form at most once or it appears in its negative form at
most once. It follows that either machineMu or machineMu can
schedule at most one clause interval. We then use the machine
that could schedule at most one clause interval corresponding to
variable u to schedule the long interval for u, dropping the single
clause interval for u if necessary. If this machine was currently
used to schedule the short interval for u, wemodify the schedule
to haveC1 schedule this short interval and the othermachine,Mu

or Mu, schedule the other short interval for u.
The schedule S0 now has at least 3aþ bþK intervals

scheduled since all modifications we performed did not
decrease the number of intervals scheduled. For each variable,
exactly one long interval will be scheduled and it will not be on
C1. This schedule will define a valid truth assignment for 3-Occ-
Max-2SAT. Specifically, if the long interval u is not scheduled,
then variable u is true; otherwise, u is false. Since at most 3a of
the short and long intervals are scheduled, at least bþK clause
intervals are scheduled. At most b of these clause intervals can
be scheduled on C1, which means that at least K clause
intervals will be scheduled on a machine in G. These “at least
K” clause intervals scheduled on a machine in G correspond to
K satisfied clauses in the instance of 3-Occ-Max-2SAT with the
above truth assignment. tu

Theorem 2.2 The Fundamental Companion Cache Scheduling (FCCS)
problem is NP-complete.

Proof. We reduce FCIS to FCCS. For each machine in FCIS, create a
cache location in D. For each interval ðsi; fi; �iÞ, create a
memory item xi and let gðxiÞ ¼ �i. In other words, memory
item xi can be placed in the cache location that corresponds to
the machine on which the interval ðsi; fi; �iÞ can be scheduled.
Of course, all memory items can be placed in the companion
buffer C1 as well. Each memory item will be referenced exactly
twice in thememory reference sequence s.We create s as follows:
Sort the start and end times s1; f1; s2; f2; . . . sn; fn of the intervals.
Ties are broken in the following manner: End times come before
start times; this essentially means that intervals that intersect
only at a single point in time have no overlap.Otherwise, the start
(end) time from the lower indexed interval is first; this is an
arbitrary tie-breaking procedure and any such policy would
suffice. This sorted list now defines the sequence of memory
requests s as follows: Suppose the jth element of the sorted list is
si or fi. Then, memory item xi is the jthmemory item requested
in s. Finally, the integer bound for FCCS is set to be Q.

Suppose Q intervals can be completed in the FCIS input
instance. We now show that Q cache hits can be achieved in the
corresponding FCCS input instance. For any interval j that is
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not completed in the FCIS instance, we bypass both references
to the corresponding memory item xj in the FCCS instance. For
any interval i that is completed in the FCIS instance, we store
the first reference to the corresponding memory item xi in the
cache location that corresponds to the machine that the interval i
was scheduled on. Since the interval i was completed in the
FCIS instance and ties are broken with end times coming before
start times, it follows that memory item xi will still be in the
cache when it is referenced the second time and a hit will be
achieved. It is likewise easy to see that if Q cache hits can be
achieved in the corresponding FCCS input instance, then the
corresponding Q intervals can be scheduled in the FCIS input
instance. Finally, it is easy to see that FCCS 2 NP and, thus, is
NP-complete. tu

2.3 Generalizing the hardness result

The results of Section 2.2 apply only to the FCCS problem—a

highly restricted instance of optimally scheduling a CCS. We now

give proof sketches that show how Theorem 2.2 can be generalized.

Full proofs are omitted due to space limitations.

Corollary 2.1. If the main cache is set-associative, the problem is still

NP-complete.

Proof Sketch. For an n-way set-associative main cache, the

difference is that we have n copies of each machine Mu and

Mu. To compensate, we create n copies of each short interval

and clause interval. tu
Corollary 2.2 If the companion buffer’s size is greater than one, the

problem is still NP-complete.

Proof Sketch. We add a new machine B 2 G and enough new

intervals that map to B to use up all the extra companion

machines. tu
Corollary 2.3. If bypassing is not allowed in the cache, the problem is

still NP-complete.

Proof Sketch. We modify the FCIS instances created by our

reduction in Theorem 2.1 by breaking ties in start or end times

in a consistent fashion so that the intervals are nested, that is, if

two intervals intersect, then one interval must properly contain

the other interval. When FCIS instances with nested intervals

are reduced to FCCS instances by our construction in

Theorem 2.2, they have the property that disallowing bypassing

will not decrease the number of intervals which can be

scheduled by an optimal algorithm. tu
Corollary 2.4. If reordering is freely allowed in the cache, the problem is

still NP-complete.

Proof Sketch. Reordering, preemption with migration in the FCIS

setting, does not allow any additional intervals to be scheduled

because the structure of the resulting FCIS instance has critical

periods of time where several intervals overlap with each other

simultaneously. Reordering cannot increase the number of

these intervals that can be scheduled. tu
Corollary 2.5. Finding the optimal schedule for a skew cache [13] is

NP-hard.

Proof Sketch. An input instance is possible where all the accesses

to one bank of the cache are to the same location. This one

location is essentially the companion buffer of a CCS. tu
Corollary 2.6. Optimally scheduling a multilevel cache with disjoint

contents is NP-hard.

Proof Sketch. Each set of the smaller L1 cache maps to many sets

of the L2 cache. Scheduling the one set of the L1 cache and the

k sets of the L2 cache is a CCS problem. tu

Theorem 2.3. Unless P ¼ NP , no polynomial-time algorithm with an
approximation ratio better than 8; 060=8; 059 can exist for FCCS.

Proof Sketch. The reductions in Theorems 2.1 and 2.2 combine to
form an approximation preserving L-reduction [12] from 3-Occ-
Max-2SAT to FCCS. The actual bound in our theorem is
achieved by applying our constructions directly to the 3-Occ-
Max-2SAT instance in Section 4 of Berman and Karpinski’s
paper [3]. tu

3 CONCLUSION

We have shown that an important tool for cache studies, the
optimal replacement policy, is NP-hard to compute for many
nonstandard caches. While these results will not help one build
faster caches, researchers who are aware of them will not waste
their time in a futile attempt to find efficient algorithms for these
problems. Unless P ¼ NP , such algorithms do not exist.
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